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By application of the theory for second-order linear differential equations with two
turning points developed in the preceding paper, some new asymptotic approximations
are obtained for the associated Legendre functions when both the degree z and order m
are large. The approximations are expressed in terms of parabolic cylinder functions,
and are uniformly valid with respect to xe (—1, 1) and m/(n+3%) €[d, 1 + 4], where &
and 4 are arbitrary fixed numbers such that 0 < § < 1 and 4 > 0. The values of m and
n+ % are either both real, or both purely imaginary. In all cases explicit bounds are
supplied for the error terms associated with the approximations.

1. INTRODUCTION AND SUMMARY

::J The purpose of this paper is to derive asymptotic approximations for solutions of the associated
> s Legendre equation

oH- nd2L dL m?

=0

O when the parameters m and » are large, neither necessarily being an integer. For large » and
= uw

fixed m (or more generally, bounded m) it is possible to construct asymptotic solutions in terms
of Bessel functions of order m which are uniformly valid in unbounded x-domains containing one
of the singularities + 1 (see Olver 1974, chapter 12). In a similar way, for large m and fixed =
the present writer has shown that it is possible to construct asymptotic solutions in terms of Bessel
functions of order z + % which are uniform in unbounded x-domains containing either x = 1 or
x = — 1. In this case, however, details have not been published.

When both m and =z are large the problem is more difficult. The characterizing features of the
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176 F. W. J. OLVER
differential equation in this situation are the regular singularitics at ¥ = + 1 and oo, and the

turning points at x = +a, where =g = m¥(n+1)2 (1.2)

Thorne (19575) treated the case in which the ratio m/(n + §) has a given value in the open interval
(0, 1). He constructed asymptotic solutions in ternis of Airy functions, and also in terms of Bessel
functions of order m, these solutions being uniformly valid in a region that includes the interval
0 € x < 1. When m/(n+ }) is allowed to approach unity, however, Thorne’s approximations no
longer apply owing to lack of uniformity with respect to this ratio.

The present paper supplies asymptotic solutions of (1.1) for large values of n + 4, complete with
crror bounds, which are uniformly valid when m/(n+ }) €[6, 1 + 4], where 6 and 4 are any fixed
numbers such that 0 < & < 1 and 4 > 0. Thus the turning points may be real and distinct
(0 <m < n+4%), coincident (m=n-+}) or purcly imaginary (m > n+1%). The situation is
exactly that covered by theorems I and II of the preceding paper (Olver 1975), and in §§ 2, 3
and 4 of the present paper standard solutions of (1.1) are identified in terms of the uniform
asymptotic solutions involving parabolic cylinder functions. The results apply to the interval
-l<x< 1

The remaining sections, §§5 and 6, are devoted to the case in which both m and » +§ are
purely imaginary. Again there are cither two real or two purely imaginary turning points, which
coincide when |m| = [n+4|. Uniform asymptotic approximations, for the same interval
-1 < x < 1, arc constructed by application of thecorems III and IV of the preceding paper.

All results presented are believed to be new.

2. REAL PARAMETERS AND REAL TURNING POINTS:
PRELIMINARY TRANSFORMATIONS

On removing the term in the first derivative from (1.1) by transformation of dependent
variable, we obtain the differential equation

dzL xt—a? 3+ x?
S e - ¢
dx? {u (1—x2)2% 4(1 —x2)2} ’ (2.1)
satisfied by L = (1 —x2)3 P2(x) and (1 —22)% Q%(x), in which
5 m*  (n+m+3}) (n—m-+%) .
u=n+}, @ =y (n3+%)2 LI (2.2)

compare (1.2). In the present scction, and also § 3, we suppose that
0<m<n+,
sothatu > 0and 0 < a < 1.

Equation (2.1) has singularities at x = + 1 and 00, and turning points at x = + «. In cach of the
intervals (1,00) and (—oo, — 1), uniform asymptotic expansions of the solutions can be con-
structed in terms of elementary functions by standard methods.t We shall not pursue the details
of those expansions; instead we confine attention to the interval —1 < x < 1.

Following Olver (1975, § 2.2), we sce that the appropriate Liouville transformation is given by

1 Given, for example, in Olver (1974, chapters 6 and 10, especially § 5.3 of the former chapter).
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LEGENDRE FUNCTIONS WITH BOTH PARAMETERS LARGE 177

where a is defined by

fa (a? ——.72)% dr =fa (az—tz)%dt. (2.4)

—a —a 1-1
Evaluation of the last two integrals leads to the equation
la? = 1—(1—a?)}, (2.5)
or, in terms of the original parameters,
' o?=2(n—m+%)[(n+%). (2.6)

Thus « lies in the interval [0, ,/2), with & = 0 corresponding to a = 0.
Since the points { = +a correspond respectively to x = +a, integration of the second of
(2.3) yields

¢ z (12 __ 42)\%
f (12— a2)bdr =J‘ (tl atz)fdt @<x<1), (2.7)
o a -
o 2__f2 %
f (a2—12)%d7=fa(a tz) dt (-a<x<a), : (2.8)
¢ e 1—7
—a —a (2 _ 42)3
and f (Tz_azﬁd.,:f Q.l__.fl_é)__dt (=1 <x<—a). (2.9)
¢ @ —?
From these equations and (2.4) it is evident that { is an even function of ¥, withx = — 1,0 and 1
corresponding to { = — o0, 0 and oo, respectively. Moreover, (2.8) is replaceable by
¢ 2 __ 2\%
f (a2 —72)}dr __:r(“l 22) dt (—a<x<a). (2.10)
0 0 -

Evaluation of the integrals in (2.7) and (2.10) yields the formulae

1¢(82 ~ o)t — a2 arcosh (g) = (1—a?)%artanh {1 (M)%} —arcosh (z) (a<x<1), (2.11)

x\1—a?

and
1,2 N (AT 3 i (X 21 1-a*\#
goaresin | > +1¢(a? — %)% = arcsin - —(1—a?)zarctan |x ppp (—a<x<a), (212
in the case a > 0, or

=-In(1-s% (—-1<ax<1), (2.13)
in the case a = 0.

The transformed differential equation is given by
d?w[dE? = (82— o) + ¥ (, §)} w, (2.14)
o 3?2, dPo

where Y, §) = —xzm-}—xfag—z(x 1),

dots signifying differentiations with respect to {; compare Olver (1975, (2.10)). Using the second
of (2.3) and carrying out the differentiations, we arrive at the explicit formula

3 2.1 92 2
P(a, §) = 4éi0g)2+4(i2

o8- da) s (3Gt a - a2-a).  (2.19)

Lemma I of Olver (1975, § 3) shows that ¢(e, {) is continuousin the region a.€[0, ,/2), {& ( — 00, 0).

23 Vol. 278. A.
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178 F. W. J. OLVER

In identifying the solutions of (2.14) we shall need to know the behaviour of y(e, {) as { tends
to its extreme values. When {—oco0 and x—1—, we derive from (2.11)

£ le?—a?ln (gf) +0 (giz) ~ (1—a¥)} 111{32((11“_"3}—2111(13“17‘“2)—%}+0(1 %),

By reversion and use of (2.5) we find that

(1—}32) I (1—56) - §2—a21n§+1n&+0(§12) (£—>0), (2.16)
o (e gdese)
WhCI'C o = (&) WC 1 . (217)

Exponentiation of (2.16) yields

et fon (N () o) s

When x = 1 the content of the braces in (2.15) vanishes identically. Therefore as {—+ o0

v 0 =gt ofeen (575

Since ¥(a, &) is even in &, this result also holds when {— —co. Thus we have

¥, €) =Z§—2+0(€—14) (§—>+c0). (2.19)

Moreover, from the foregoing analysis it is clear that this result is uniformly valid for 2 €[0, A],
where—in this section and the next—A denotes an arbitrary constant in the interval (0, 4/2).

It should be observed that the fact that the order of ¥(e, §) is as small as O({~2) as {—~>+ o0
is not entirely fortuitous. It is a consequence of the choice of the large parameter made at the
beginning of this section. Had we made, for example, the quite natural choice « = {n(n+1)}} in
place of the first of (2.2), then in the expression corresponding to (2.15) the content of the braces
would not vanish as x— 1, causing ¥/(«, ) to behave as a multiple of {? as {— + co. In turn, this
would have the undesirable consequence of restricting the validity of the resulting asymptotic
solutions of the differential equation to bounded values of { (compare also Olver 1974, pp. 463—4
and Olver 1975, §6.3).

3. REAL PARAMETERS AND REAL TURNING POINTS: IDENTIFICATION
OF SOLUTIONS

Let A denote any constant in the interval (0, /2). On applying theorem I of Olver (1973, §6),
with §, = oo, we obtain the following solutions of equation (2.14):

wl(”) o, g) = U( - %uocz’ §\/§;¢) +61(u’ &, g)) w2(u> &, g) = (7( - %ua'z’ g\/?u) +62(u7 &, €)7 (3'1)

valid when {e[0,00) and &[0, A], where U and U denote the parabolic cylinder functions
defined and discussed in Miller (1955) and Olver (1975). The solutions w, (u, «, ) and w,(«, o, §)
now need to be identified in terms of standard solutions of (2.1).

As o0, wy(u, a,§) is recessive and w,y(u, o, §) is dominant. Hence w, (%, a, {) is a multiple of
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LEGENDRE FUNCTIONS WITH BOTH PARAMETERS LARGE 179

the solution of (2.1) that is recessive as x> 1 —. This solution is (1 —x2)% P;™(x), where P;™(x)
denotes the Ferrers function of degree n and order —m.t Thus from (2.3)

wy(u, @, §) = {(#*— a?)/(§2 — o®) H SP ™ (x), (3.2)

where the coefficient § is independent of x. The value of § can be found by evaluating the ratio
of the two sides of this equation as x-> 1 —. First, we have

U(—3ua? § «/5&) ~ (¢ JQZ) Yot —1) g —hut?,

Next, as {—~ o0

and from the bound (6.5) of Olver (1975) for €, (4, «, {) it is seen that the ratio of this error term
to U(— tua?, {,/2u) vanishes. Therefore

2\ im fhuat(2y)duat-1)
= 1 )
e

On using (2.2), (2.6), (2.16) and (2.17), we arrive at

(n+l)i1"(m+ 1) (n+m+ })ke@nt2mid (3.3)

2 mm“l'% ei(2n~2m+1)

Combination of (3.2), (3.3) and the first of (3.1) yields the first of the desired approximations:

n

. 2 \t pmti ei@n-—-2m+1) e %
Pum(x) = (n + %) I(m+1) (n+m+ §)dentamtDd (x2 — a2) {Um—n—1%,8J2n+1) +e;}, (3.4)

valid when 0 <m < n+% and 0 < x < 1. In this result, the variable ¢ is given by (2.11) and
(2.12), and the error term ¢; bounded by (6.5) of Olver (1975).

To show that |e,| is small compared with |U(m—n— 4, {/2n+1)| when 7 is large, we now
obtain an asymptotic estimate for €; which is uniform with respect to x and the ratio m/(n + %)
provided that

On+3) <Sm<n+d, (3.5)
where ¢ is any fixed number in the interval (0, 1). Then 0 < a < A, where A is a fixed number
in (0, 4/2). Applying the results of § 6.3 of Olver (1975) with 2(x) set equal to |x|}—a substitution
that is permissible as a consequence of (2.19)—we derive

= E-1( — Jua?, {y/2u) M( - ua?, {\/2u) O(u~%)
—E"I(m n—4 &2+ 1) M(m—n—14, &2n+1) O(n~¥),

where E and M are the auxiliary functions introduced in § 5.8 of Olver (1975). Next, on using
Stirling’s formula we obtain from (3.3)

= (n+ 2 D (gn+ gmt ) {1 +0(n)}.

1 For definitions and properties of Ferrers functions, or ‘Legendre functions on the cut’, the reader is referred
to B.M.P. (1953, §3.4), or Olver (1974, pp. 185-9).

1 The point of the restriction §(n+4) < m is to ensure that the turning point at x = a is bounded away from
the singularity at x = 1. A coalescing turning peint and pole cannot be included in the present theory, but could
be treated by an extension of the theory of Thorne (19574, b).

23-2
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180 F. W. J. OLVER

Combination of these results with (3.1) and (3.2) yields
o 1 o\t
Pom(x) = (n+2)E 28 ™ [ (Tn+ Im+ 3) (xz__az)
% (U(m—n—4, L2+ 1) +E-(m—n—}, &35 1) Mm—n—}, &3+ 1) 09} (3.6)

as n->00, uniformly with respect to x€[0, 1) and values of m satisfying (3.5). Except in the
neighbourhoods of zeros of U(m—n— %, {/2n+ 1), the relative error of this asymptotic approxi-
mation to P;™(x) is uniformly O(n~%).
Equations (3.4) and (3.6) have been derived by identification of solutions at the singularity
x = 1. At the other endpoint of the interval of validity it is known that
I'(3n—3m+ ) cos (ynm — ymm)
mi2n [ (n+Im+1) ’

P, (0) = (3.7)

and it is of obvious interest to compare this result with the form of (3.6) at x = { = 0. We have
—a\t (Nt 2n+1 |}
2—a?) " \a) " \n+m+})

Also, U(m—n—1%,0) = n2in-m '(In—Im+ L) cos (3nrm — dmn),

and E-'(m—n—4,0)Mm—n—1},0) = n=228n—m (1 - 1m 4 1),

Accordingly, the right-hand side of (3.6) reduces to

(in—im+3)
=EZ(Gn+ fm+ DI Gt it

Ey {cos (3nm — Imm) + O (n~%)}. (3.8)

By means of Stirling’s formula it is easily verified that (3.7) agrees with (3.8) within the tolerance
of the uniform error term, thus providing a powerful check on the soundness of our asymptotic
theory.

To identify the second solution, write

wy(, @, §) = {(#%—a?) (£~ o) {8, P () + S, Q™ (%)}, (3.9)
where Q7™(x) denotes the second Ferrers function, and §, and S, are independent of x. A con-
venient way of determining §; and S, is to compare the two sides of (3.9), together with their
differentiated forms, at # = { = 0. On the right-hand side, we have (8.7) and the corresponding

expressions I'(3n—im+1) sin (dnm — Imn)

P-m'(0) = d
WO = T R e v )

,m(o) _ TC%I‘(%”—" %m + %) sin (%nrc — %mn) Q_—m'(()) _ ﬁép(%n — %m'l' 1) cos (‘%'nTC-— %mTC)
R 2l (bn+dm+1) P 2l (fn+ sm+3)

On the left-hand side,
U(~%uc?, 0) = —n=324n—m [(1n—Im + §) sin (inr — mr),
U'(—3uat, 0) = 7—i28n=—m+D) [(1p — 1m 4 1) cos (4nn — imm),
and €, = 06,/0f = 0 at { = 0. Solution of the two linear algebraic equations for §; and S, yields
the required result:
S, = 2dtm=2(p 4 Dksin (nm —mr)
x{(Gn+im+ P En+dm+1) - (dn+dm+4) M (fn+dm+ 1)}, (3.10)
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LEGENDRE FUNCTIONS WITH BOTH PARAMETERS LARGE 181

Sy = 71 2000 m 59 4 ) (4 -+ dm + D) (b + Jm +3) cos? (e — o)
+(Gn+im+ 1) (n+Im+ 1) sin? (Jan — imn)}.  (3.11)
For large n, we find that
$y = ot 210t PED (e hm+ D) {1+ 0D}, 8,8, = O(r-Y),

the O-terms being uniform for values of m satisfying (3.5). Combining these estimates with (3.6)
and referring to properties of the auxiliary functions

Em—n—3%,8J2n+1) and M(m—-n—4,82n+1)

given in Olver (1973, § 5.8) (including the fact that the former equals or exceeds unity), we see

that the term
{(x%—a?) [(§2 — a?) }t 8 Py (x)

on the right-hand side of (3.9) is absorbable in the estimate
Em—n—1%,8/2n+1) M(m—n—§,&J2n+1) O(n~%)

for the error term €,(u, o, §) associated with the left-hand side. Thus we arrive at the following
uniform asymptotic approximation for large #, valid with the same conditions as (3.6):

—m — i €2_“2 t
W) = G e P it ) (=)
x{Um—n—1% 20+ 1) +E(m—n—}, {20+ 1) M(m—n—3, &2+ 1) O(w-3)}. (3.12)

A check on (3.12) is to compare the limiting forms of the two sides of this equation as x> 1 —
that is, as { - c0. Again, it is found that there is agreement within the tolerance of the given error
term.

Relations (3.6) and (3.12) apply when x€[0,1). Corresponding results for the interval
(—1,0] are derivable from §6.4 of Olver (1975), or by use of the well-known connection
formulae for the Ferrers functions. Connection formulae can also be used to derive corresponding
approximations for other Ferrers functions, including Pj(x) and Q% (x). Details are straight-
forward and need not be recorded.

Some previous asymptotic approximations for associated Legendre functions are included as
special cases of the present results. For example, if m/(n+ }) has a fixed value in the interval (0, 1),
then m—n—% tends to —o00 as n+ §—>00. In this case the parabolic cylinder functions in (3.6)
and (3.12) may be replaced by their asymptotic approximations in terms of Airy functions given,
for example, in Olver (1975, §5.8). The results then reduce to Thorne’s (19575) asymptotic
approximations for Ferrers functions in terms of Airy functions, truncated at their first term.}
The unavoidable price of the extensive uniformity of the present results is the complexity of the
relations (2.11) and (2.12) between the variables § and x.

t Compare also the non-uniform asymptotic approximations given in §5 of Brussaard & Tolhoek (1957) for the
similar problem of the eigenfunctions of a symmetric rotator.

23-3
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182 F. W. J. OLVER

4. REAL PARAMETERS AND IMAGINARY TURNING POINTS

In this section we consider equation (1.1) with the conditions

O<n+i<sm
Corresponding to (2.2), we set

m? n+m+%) (m-—n—13
u—'_—‘n‘l'%, az:’l-ta—l = ( (n%l(%)z 2_)9 (4'1)
so that# > 0 and @ > 0. Then we have
d2L x% 4 q? 342
de? = {“2(1—x2)2"4(1_x2)2}L’ (4.2)

with solutions L = (1 —x2)}P?(x) and (1 —x2) Q7 ().

The turning points of the differential equation (4.2) are located at x = +ia. The appropriate
Liouville transformation is therefore that of § 2.3 of Olver (1975). The results of § 2 above again
apply, provided that ¢* and «? are replaced throughout by —a? and —«?, respectively. Thus

jo? = (1+a))i—1 = (m—n—1)/(n+}), (4.3)
and foc(a2+72)¥d7=f:%dt,
that is,
38(82+ a?)t + fa? arsinh (—g) = (1+a?)tartanh {x(xlz—-l_;_(;—z) 1}} —arsinh (2) . (4.4)

The last two equations hold when x € (— 1, 1), or, equivalently, { € (— 00, c0). When a = 0, (4.4) is
replaced by (2.13).
With L = (1—22)} (£2+a?)} (x4 +a?)~}w, the transformed differential equation is given by
d2w/dE? = {u2(§2+a?) + (e, &)} w, (4.5)
in which
3§ 2 €2 + o o’
Y ) = 4(§2+“2)2+ i(2+a

)3{(3+4a2) x*— (34 6a% +a*) %+ a?(2 +a?)}; (4.6)

compare (2.15). Lemma II of Olver (1975, §4.1) shows that y(«, §) is continuous in the region
a€[0,00), {e(—00,00). And in the manner of § 2 above it is verifiable that

V(@) = 52+0(5) (47

as {— + oo, uniformly for 2 [0, A], where A now denotes any fixed positive number.

For large u, approximate solutions of (4.5) are supplied by theorem II of Olver (19735, §7.1).
They are identifiable in terms of the Ferrers functions in the manner of § 3. Corresponding to
(3.4), we have

2 );} mm+k ei@n—2m+41) (§2+052 1

Fam(x) = (n+% I'(m+1) (n+m+ })ien+amtn x2+a2) Wm—n—}, 420 +1) +e), (48)

where the error term is subject to the bound (7.3) of Olver (1975), with ¢, = co. This bound is
validwhen0 < z+} <mand —1 <x < 1.


http://rsta.royalsocietypublishing.org/

0
'am \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/| \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

LEGENDRE FUNCTIONS WITH BOTH PARAMETERS LARGE 183

The asymptotic result corresponding to (3.6) is available from §7.3 of the last reference.
Using Stirling’s formula we obtain

—m = 1 §2+0L2 ¢ 90 1 1 -1
Pym(x) = PR Ty e — (x2+a2) Um—n—4%8/2n+1){1+O0(n'lnn)} (4.9)

as n—> o0, uniformly for —1 < x < 1 and
n+i<m< (14+4)(n+3),

4 denoting any positive constant.
A check on (4.9) is to let {—+—co and compare the limiting form of the right-hand side with

the relation
—m I'(m) 2 \im
Prm() I'm—n)I'(n+m+ 1) (1+x) (x>—1+4).

Agreement is obtained within the tolerance of the error term in (4.9).

Since the relations (4.8) and (4.9) apply to negative values of x as well as to positive values,
they furnish uniform asymptotic approximations for the solutions P,;™(x) and P;™(—x) of
equation (1.1). With the given conditions these two solutions are independent and numerically
satisfactory; therefore similar uniform asymptotic approximations of any other solutions can be
constructed by use of connection formulae. In particular, this includes P2 (x), Q5™ (x) and Q7 (x).

Comments similar to those made in the final paragraph of § 3 apply also to the results obtained
in the present section.

5. IMAGINARY PARAMETERS AND REAL TURNING POINTS

This case is similar to that of §§ 2 and 3, the essential changes being that z and m are replaced
throughout by iz and im, respectively. Thus we are now considering the Ferrers function P briu(%)
with0<m <wand —1 <x < 1.

Again we write a® = 1 — (m?[u?), and except for (2.6) the transformations (2.3) to (2.13) apply
unchanged. Corresponding to (2.14) we have the differential equation

dufdg? = {— ({2 = o) + (o, O}, (5.1)
with solutions w = {(x*—a?)[($2— 062)}* pim, +iu( tx),

the function ¥(a, {) being given by (2.15).

For large u, approximate solutions of (5.1), in terms of modified parabolic cylinder functions,
are supplied by theorem I1II of Olver (1975, §9.1), with §, = co. As in § 3 above, the first of these
solutions is easily related to one of the standard solutions by considering limiting behaviour as
x->1—, that is, as {-—00. The second approximate solution is identifiable by using the known
values of the Ferrers functions and their derivatives at x = 0; in this case the analysis is facilitated
by the identities given in Miller (1955, §9.3) for Gamma functions of arguments }s+ }ia,
s = 0,1,2,3,4. The final results are found to be expressible in the form

Re{T; P-1}+iu(x)} m (§

(2u)i o az) (k¥ (u—m) W(u—m, {J2u) +¢,}, (5.2)

1
and (ReT *Re T)RC{TP—%H“ x)}+(R T, Re T)Re{TP_Hm — %)}

- (52 ) (Bhuw—m) W(u—m, —EJ20) +¢5),  (5.3)
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where W denotes the modified parabolic cylinder function defined and discussed in Miller
(1955) and Olver (1975), and T3, T, and 7} are defined by

T, = Texp{}iph I'(} +iu—im)},

o [2(u+m) cosh (mu—rm)|t  2dwimiT . s X
T, = 2{ e — } TE—Fu—Tm) exp { — $iarctan tanh (§nu — Jrm)},
_ cosh (mu—mm) ¥ 24wtmiT . 1 .
Ty =— {2u(u ) Pl m)} T —Tu—Tm) exp {}#iarctan tanh (§nu — ynm)},
with T = m™I'(1—im) (u+m)-dwim1 eh@u-2mimi, (5.4)

All functions in the foregoing equations take their principal values, except phI'(}+iu—im),
which is zero when u—m is zero and defined by continuity for other values of « —m. The error
terms ¢; and €, are bounded as in (9.4) and (9.5) of Olver (1975), these bounds applying when
O<m<uand 0 < x < 1.

For large u, asymptotic estimates of ¢, in the {-intervals [0, 00) and (— oo, 0] are immediately
available from the results of §§ 9.3 and 9.4 of Olver (1975). Thus

6y = E-Y(u—m, §J2u) M(u—m, §y2u) O(u3) (0 <& <o), (5.5)
and ey = k=Y (u—m) E(u—m, §/2u) M(u—m, {\J2u) O(w%) (—o0 < £ <0). (5.6)

In each case the O-term is uniform with respect to ¢ in the given interval and m e[du, 4], § again
denoting a fixed number in the interval (0, 1). The auxiliary functions E and M are defined as
in § 8.6 of the same reference.

Itis of interest to notice that the result (5.6) is also derivable from (5.3), as follows. Substituting
in (5.4) by means of Stirling’s formula, we obtain

T = (2rnm)} e~dmm edwtmt (y 4 ) ~dotmir {1 + O(m~1)}  (m—>c0).
Then using this result and the definition
k(u—m) = {1 + e™@u—m}} _ emu—m)

we find that for large u and me[du,u] the quantities Re7, and Re7, are approximated
uniformly by

e toeof)). e loof)

Accordingly, R—él-y—,z—R—;T; = (2u)tm—Yk(u—m) {1 + 0(—;—)}, (5.7)
and LT (2u)t m—tk(u—m) ()(1) (5.8)
Re7, ReT, ul’ ’

From (5.2), (5.8) and the fact that
k(u—m) E-Y(u—m, &/2u) < E(u—m, {y20),

it is perceivable that the whole contribution from the first solution on the left-hand side of (5.3)
is absorbable in the O-estimate for the error term on the right-hand side. Then on replacement
of x by —x and use of (5.7) we are led to (5.2) with €; given by (5.6), as asserted.
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Another useful check is to compare the limiting form of (5.2) and (5.6) as {— — oo with the
known behaviour of the Ferrers functions as # — — 1. The writer has confirmed that the agreement
is satisfactory, but again details are too lengthy to warrant reproduction.

6. IMAGINARY PARAMETERS AND IMAGINARY TURNING POINTS

This case is related to that of § 4 in the same way that § 5 is related to §§ 2 and 3. After applying
the Liouville transformation we obtain the differential equation

d2w/d{? = {—u?(§%+ o) + Y (a, §) }w, (6.1)

= () )P £,

with solutions

2
Here 0<u<m, a2=%—-1, %a2=(1+a2)%—1=%—-1,
and ¢ and (e, {) are given by (4.4) and (4.6), respectively.

Equation (6.1) is in the standard form of theorem IV of Olver (1975, §10.1). Identifying

the solutions by letting x-> 1 — in the manner of previous sections, we arrive at

im m% §2 + o? i ~1 o0
Re{TiP7 (%)} = 2t (m) k= (u—m) {W (u—m, §\/2u) +¢}, (6.2)
where 7 is defined in § 5 above. The error term ¢ is bounded as in (10.3) of Olver (1975), this
bound being valid when 0 <« <m and —1 < x < 1. Equation (6.2) should be compared
with (5.2).

For large 4, € = M(u—m, {y2u) O(u=1nu), (6.3)

uniformly for me[u, u+ Au] and xe (-1, 1), 4 again denoting any fixed positive number.

Corresponding results for other Ferrers functions can be constructed by straightforward use
of connection formulae, since Re {73 P} ,;,(x)} and Re {7, P"} ()} comprise a numerically
satisfactory pair of solutions in the present circumstances.
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